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Abstract
We consider the category CB of meromorphic finite-dimensional rep-
resentations of the quantum elliptic algebra B constructed via Belavin’s
R-matrix, and the category CF of meromorphic finite-dimensional rep-
resentations of Felder’s elliptic quantum group Eτ,γ
2
(gln). For any fixed
c ∈ C, we use a version of the Vertex-IRF correspondence to construct
two families of (generically) fully faithful functors Hcx : CB → DB and
F
c
x : CF → DB where DB is a certain category of infinite-dimensional
representations of B by difference operators. We use this to construct
an equivalence between the abelian subcategory of CB generated by ten-
sor products of vector representations and the abelian subcategory of CF
generated by tensor products of vector representations.
1 Categories of meromorphic representations
In this section, we recall the definitions of various categories of representations
of quantum elliptic algebras.
Notations: let us fix τ ∈ C, Im(τ) > 0, γ ∈ R\Q and n ≥ 2. Denote by (vi)
n
i=1
the canonical basis of Cn and by (Eij)
n
i,j=1 the canonical basis of End(C
n), i.e
Eijvk = δjkvi . Let h = {
∑
i λiEii |
∑
i λi = 0} be the space of diagonal
traceless matrices. We have a natural identification h∗ = {
∑
i λiE
∗
ii |
∑
I λi =
0}. In particular, the weight of vi is ωi = E
∗
ii −
1
n
∑
k E
∗
kk.
Classical theta functions: the theta function θκ,κ′(t; τ) with characteristics
κ, κ′ ∈ R is defined by the formula
θκ,κ′(t; τ) =
∑
m∈Z
eipi(m+κ)((m+κ)τ+2(t+κ
′)).
It is an entire function whose zeros are simple and form the (shifted) lattice
{ 12 − κ+ (
1
2 − κ
′)τ} + Z+ τZ.
Theta functions satisfy (and are characterized up to renormalization by) the
following fundamental monodromy relations
θκ,κ′(t+ 1; τ) = e
2ipiκθκ,κ′(t; τ), (1)
θκ,κ′(t+ τ ; τ) = e
−ipiτ−2ipi(t+κ′)θκ,κ′(t; τ). (2)
1
Theta functions with different characteristics are related to each other by shifts
of t:
θκ1+κ2,κ′1+κ′2(t; τ) = e
ipiκ22τ+2ipiκ2(t+κ
′
1+κ
′
2)θκ1,κ′1(t+ κ2τ + κ
′
2; τ). (3)
In particular, we set θ(t) = θ 1
2
, 1
2
(t; τ).
1.1 Meromorphic representations of the Belavin quantum
elliptic algebra
Consider the two n× n matrices
A =


1 0 . . . 0
0 ξ . . . 0
...
...
. . .
...
0 0 . . . ξn−1

 B =


0 1 . . . 0
...
...
. . .
...
0 0
... 1
1 0 . . . 0


where ξ = e2ipi/n. We have An = Bn = Id, BA = ξAB, i.e A,B generate
the Heisenberg group. Belavin ([2]) introduced the matrix RB(z) ∈ End(Cn)⊗
End(Cn), uniquely determined by the following properties:
1. Unitarity: RB(z)RB21(−z) = 1,
2. RB(z) is meromorphic, with simple poles at z = γ + Z+ τZ,
3. RB(0) = P : x⊗ y 7→ y ⊗ x for x, y ∈ Cn (permutation),
4. Lattice translation properties:
RB(z + 1) = A1R
B(z)A−11 = A
−1
2 R
B(z)A2,
RB(z + τ) = e−2ipi
n−1
n
γB1R
B(z)B−11 = e
−2ipi n−1
n
γB−12 R
B(z)B2.
In particular, RB(z) commutes with A ⊗ A and B ⊗ B. The matrix RB(z)
satisfies the quantum Yang-Baxter equation with spectral parameters:
RB12(z − w)R
B
13(z)R
B
23(w) = R
B
23(w)R
B
13(z)R
B
12(z − w).
The category CB: following Faddeev, Reshetikhin, Takhtajan and Semenov-
Tian-Shansky, one can define an algebra B fromRB(z), using the RLL formalism-
see [3], [10]. However, we will only need to consider a certain category of modules
over this algebra, defined as follows.
Let CB be the category whose objects are pairs (V, L(z)) where V is a finite di-
mensional vector space and L(z) ∈ End(Cn)⊗End(V ) is an invertible meromor-
phic function (the L-operator) such that L(z+n) = L(z) and L(z+nτ) = L(z),
satisfying the following relation in the space End(Cn)⊗ End(V )⊗ End(V ):
RB12(z − w)L13(z)L23(w) = L23(w)L13(z)R
B
12(z − w) (4)
(as meromorphic functions of z and w); morphisms (V, L(z))→ (V ′, L′(z)) are
linear maps ϕ : V → V ′ such that (1 ⊗ ϕ)L(z) = L′(z)(1 ⊗ ϕ) in the space
Hom(Cn⊗V,Cn⊗V ′). The quantum Yang-Baxter relation for RB implies that
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(Cn, χ(z)RB(z −w)) ∈ Ob(CB) for all w ∈ C, where we set χ(z) =
θ(z−(1− 1
n
)γ)
θ(z) .
This object is called the vector representation and will be denoted simply by
VB(w).
The category CB is naturally a tensor category with tensor product
(V, L(z))⊗ (V ′, L′(z)) = (V ⊗ V ′, L12(z)L
′
13(z)) (5)
at the level of objects and with the usual tensor product at the level of mor-
phisms.
There is a notion of a dual representation in the category CB: the (right) dual
of (V, L(z)) is (V ∗, L∗(z)) where L∗(z) = L−1(z)t2 (first apply inversion, then
apply the transposition in the second component t2). If V,W ∈ Ob(CB) and
ϕ ∈ HomCB (V,W ) then ϕ
t ∈ HomCB (W
∗, V ∗).
We will also need an extended category CxB defined as follows: objects of C
x
B
are objects of CB but we set
HomCx
B
(V, V ′) = HomCB (V, V
′)⊗MC
whereMC is the field of meromorphic functions of a complex variable x. In other
words, morphisms in CxB are meromorphic 1-parameter families of morphisms in
CB.
The category DB: We now define a difference-operator variant of the cate-
gories CB, C
x
B. Let us denote by Mh∗ the field of (nωi)-periodic meromorphic
functions h∗ → C and by Dh∗ the C-algebra generated by Mh∗ and shift opera-
tors Tµ : Mh∗ →Mh∗ , f(λ) 7→ f(λ+ µ) for µ ∈ h
∗. If V is a finite-dimensional
vector space, we set Vh∗ = Mh∗ ⊗C V , and D(V ) = Dh∗ ⊗ End(V ). Let DB be
the category whose objects are pairs (V, L(z)) where V is a finite-dimensional
C-vector space and L(z) ∈ End(Cn) ⊗ D(V ) is an invertible operator with
meromorphic coefficients satisfying (4) in End(Cn)⊗D(V )⊗D(V ); morphisms
(V, L(z)) → (V ′, L′(z)) are (nωi)-periodic meromorphic functions ϕ : h
∗ →
Hom(V, V ′) such that (1⊗ ϕ)L(z) = L(z)(1⊗ ϕ) in HomC(C
n ⊗ Vh∗ ,C
n ⊗ V ′h∗)
(i.e morphisms are Mh∗ -linear).
The category DB is a right-module category over CB, i.e we have a (bi)functor
⊗ : DB × CB → DB defined by (5).
The category DxB is defined in an analogous way: objects are pairs (V, L(z, x))
as in DB but the L-operator is now a meromorphic function of z and x, and
morphisms (V, L(z, x)) → (V ′, L′(z, x)) are meromorphic maps ϕ(λ, x) : h∗ ×
C→ HomC(V, V
′) satisfying (1 ⊗ ϕ)L(z, x) = L(z, x)(1⊗ ϕ).
1.2 Meromorphic representations of the elliptic quantum
group Eτ,γ/2(gln)
Felder’s dynamical R-matrix: let us consider the functions of two complex
variables
α(z, l) =
θ(l + γ)θ(z)
θ(l)θ(z − γ)
, β(z, l) =
θ(z − l)θ(γ)
θ(l)θ(z − γ)
.
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As functions of z, α and β have simple poles at z = γ + Z+ τZ and satisfy
α(z + 1, l) = α(z, l), α(z + τ, l) = e−2ipiγα(z, l),
β(z + 1, l) = β(z, l), β(z + τ, l) = e−2ipi(γ−l)β(z, l).
Felder introduced in [4] the matrix RF (z, λ) : C× h∗ → End(Cn)⊗End(Cn):
RF (z, λ) =
∑
i
Eii⊗Eii+
∑
i6=j
α(z, λi−λj)Eii⊗Ejj +
∑
i6=j
β(z, λi−λj)Eji⊗Eij
where λ =
∑
i λiE
∗
ii ∈ h
∗.
This matrix is a solution of the quantum dynamical Yang-Baxter equation
with spectral parameters
RF12(z − w, λ − γh3)R
F
13(z, λ)R
F
23(w, λ − γh1)
=RF23(w, λ)R
F
13(z, λ− γh2)R
F
12(z − w, λ)
where we have used the following convention: if Vi are diagonalizable h-modules
with weight decomposition Vi =
⊕
µ V
µ
i and a(λ) ∈ End(
⊗
i Vi) then
a(λ− γhl)|
⊗
i V
µi
i
= a(λ− γµl)
As usual, indices indicate the components of the tensor product on which the
operators act.
In addition, R(z, λ) satisfies the following two conditions:
1. Unitarity: R12(z, λ)R21(−z, λ) = Id,
2. Weight zero: ∀h ∈ h, [h(1) + h(2), R(z, λ)] = 0.
The category CF : It is possible to use R(z, λ) to define an algebra by the
RLL-formalism (see [4]): the elliptic quantum group Eτ,γ/2(gln(C)). However,
we will only need the following category of its representations CF , introduced
by Felder in [4] and studied by Felder and Varchenko in [5]: objects are pairs
(V, L(z, λ)) where V is a finite-dimensional diagonalizable h-module and L(z, λ) :
C × h∗ → End(Cn) ⊗ End(V ) is an invertible meromorphic function which is
(nωi)-periodic in λ and which satisfies the following two conditions:
[h1 + h2, L(z, λ)] = 0,
R12(z − w, λ− γh3)L13(z, λ)L23(w, λ − γh1)
=L23(w, λ)L13(z, λ− γh2)R12(z − w, λ) (6)
Morphisms (V, L(z, λ))→ (V ′, L′(z, λ)) are (nωi)-periodic meromorphic weight
zero maps ϕ(λ) : V → V ′ such that L′(z, λ)(1⊗ϕ(λ−γh1)) = (1⊗ϕ(λ))L(z, λ).
The dynamical quantum Yang-Baxter relation for RF (z, λ) implies that (Cn,
RF (z − w, λ)) ∈ Ob(CF ) for all w ∈ C. This is the vector representation and it
will be denoted by VF (w).
The category CF is naturally equipped with a tensor structure: it is defined
on objects by
(V, L(z, λ))⊗ (V ′, L′(z, λ)) = (V ⊗ V ′, L12(z, λ− γh3)L
′
13(z, λ)),
4
and if ϕ ∈ HomCF (V,W ), ϕ
′ ∈ HomCF (V
′,W ′) then
(ϕ⊗ ϕ′)(λ) = ϕ(λ − γh2)⊗ ϕ
′(λ) ∈ HomCF (V ⊗ V
′,W ⊗W ′).
There is a notion of a dual representation in the category CF : the (right)
dual of (V, L(z, λ)) is (V ∗, L∗(z, λ)) where L∗(z, λ) = L−1(z, λ+ γh2)
t2 (apply
inversion, shifting and then apply the transposition in the second component
t2). If V,W ∈ Ob(CB) and ϕ(λ) ∈ HomCB (V,W ) then ϕ
∗(λ) := ϕ(λ + γh1)
t ∈
HomCB (W
∗, V ∗).
The extended category CxF is defined by Ob(C
x
F ) = Ob(CF ) and
HomCx
F
(V, V ′) = HomCF (V, V
′)⊗MC
i.e morphisms in CxF are meromorphic 1-parameter families of morphisms in CF .
2 The functor F cx : CF → DB
In this section, we define a family of functors from meromorphic (finite-
dimensional) representations of Eτ, γ
2
(gln(C)) to infinite-dimensional represen-
tations of the quantum elliptic algebra B.
2.1 Twists by difference operators:
For any finite-dimensional diagonalizable h-module V , let eγD ∈ End(Vh∗)
denote the shift operator: eγD.
∑
µ fµ(λ)vµ =
∑
µ f(λ+γµ)vµ, vµ ∈ Vµ. Now let
(V, L(z, λ)) ∈ CF , and let S(z, λ), S
′(z, λ) : C× h∗ → End(Cn) be meromorphic
and nondegenerate. Define the difference-twist of (V, L(z, λ)) to be the pair
(V, LS,S
′
(z)) where
LS,S
′
(z) = S1(z, λ− γh2)L(z, λ)e
−γD1S′1(z, λ)
−1 ∈ End(Cn)⊗D(V ). (7)
This is a difference operator acting on Cn ⊗ Vh∗ .
Lemma 1 The difference operator LS(z, λ) satisfies the following relation in
End(Cn)⊗D(V )⊗D(V ):
T12(z, w, λ− γh3)L
S,S′
13 (z)L
S,S′
23 (w) = L
S,S′
23 (w)L
S,S′
13 (z)T
′
12(z, w, λ)
where
T (z, w, λ) = S2(w, λ)S1(z, λ− γh2)R
F
12(z − w, λ)S2(w, λ − γh1)
−1S1(z, λ)
−1
(8)
T ′(z, w, λ) = S′1(z, λ)S
′
2(w, λ + γh1)R
F
12(z − w, λ)S
′
1(z, λ+ γh1)
−1S′2(w, λ)
−1
(9)
Proof: the proof is straightforward, using relation (6) for L(z, λ) and the weight
zero property of RF (u, λ) and L(u, λ).
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2.2 The Vertex-IRF transform
Let φl(u) = e
2ipi( l
2τ
n
+ lu
n
)θ0,0(u + lτ ;nτ) for l = 1, . . . n. Then the vector
Φ(u) = (φ1(u), . . . , φn(u)) is, up to renormalization, the unique holomorphic
vector in Cn satisfying the following monodromy relations:
Φ(u+ 1) = AΦ(u), (10)
Φ(u+ τ) = e−ipi
τ
n
−2ipi u
nBΦ(u) (11)
Now let S(z, λ) : C×h∗ → End(Cn) be the matrix whose columns are (Φ1(z, λ),
. . . ,Φn(z, λ)) where Φj(z, λ) = Φ(z − nλj). Using (10)-(11), it is easy to see
that we have det(S(z, λ)) = Const(λ)θ(z) and hence that S(z, λ) is invertible
for z 6= 0 and generic λ.
Lemma 2 We have
RB(z − w)S1(z, λ)S2(w, λ − γh1) = S2(w, λ)S1(z, λ− γh2)R
F (z − w, λ)
RB(z − w)S2(w, λ)S1(z, λ+ γh2) = S1(z, λ)S2(w, λ + γh1)R
F (z − w, λ)
Proof: the first relation is equivalent to the following identities for i, j = 1, . . . n:
RB(z − w)Φi(z, λ)⊗ Φi(w, λ − γωi) = Φi(z, λ− γωi)⊗ Φi(w, λ)
RB(z − w)Φi(z, λ)⊗ Φj(w, λ − γωi) = α(z − w, λi − λj)Φi(z, λ− γωj)⊗ Φj(w, λ)
+ β(z − w, λi − λj)Φj(z, λ− γωi)⊗ Φi(w, λ)
These identities are proved by comparing poles and transformation properties
under lattice translations as functions of z and w, and using the uniqueness of
Φ. The second relation of the lemma is proved in the same way. These identi-
ties are essentially the Vertex/Interaction-Round-a-Face transform of statistical
mechanics (see [8],[9] and [6] for the case n = 2).
2.3 Construction of the functor F cx : CF → DB
Let us fix some c ∈ C. We can now define the family of functors Fcx :
CF → CB indexed by x ∈ C: for (V, L(z, λ)) ∈ CF , set F
c
x((V, L(z, λ))) =
(V, LSx,Sx+c(z)) with Su(z, λ) = S(z − u, λ) as above and let F
c
x be trivial at
the level of morphisms.
Proposition 1 Fcx : CF → DB is a functor.
Proof: it follows from Lemma 2 that (V, LSx,Sx+c(z)) ∈ Ob(DB). Furthermore,
if ϕ(λ) ∈ HomCF ((V, L(z, λ)), (V
′, L′(z, λ))) then by definition we have L′(z, λ)
(1⊗ ϕ(λ − γh1)) = (1⊗ ϕ(λ))L(z, λ), so that
S1(z − x,λ− γh2)L
′(z, λ)e−γD1S1(z − x− c, λ)
−1(1⊗ ϕ(λ))
= S1(z − x, λ− γh2)L
′(z, λ)(1⊗ ϕ(λ− γh1))e
−γD1S1(z − x− c, λ)
−1
= S1(z − x, λ− γh2)(1 ⊗ ϕ(λ))L
′(z, λ)e−γD1S1(z − x− c, λ)
−1
= (1 ⊗ ϕ(λ))S1(z − x, λ − γh2)L
′(z, λ)e−γD1S1(z − x− c, λ)
−1
since ϕ(λ) is of weight zero. Thus Fcx(ϕ(λ)) is an intertwiner in the category
DB.
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We can also think of the family of functors Fcx as a single functor F
c : CxF →
DxB.
Remark: we can think of the difference-twist and the relations in Lemma 2 as
a dynamical analogue of the notion of equivalence of R-matrices due to Drinfeld
and Belavin-see [1].
3 The image of the trivial representation and
the functor Hcx : CB → DB
Applying the functor Fcx to the trivial representation (C, Id) ∈ Ob(CF ) yields
Fcx((C, Id)) = (C, S(z − x, λ)e
−γD1S(z − x− c, λ)−1).
We will denote this object by Icx. For instance, when n = 2, we obtain a
representation of the Belavin quantum elliptic algebra as difference operators
acting on the space of periodic meromorphic functions in one variable λ, i.e
given by an L-operator
L(z) =
(
a(z) b(z)
c(z) d(z)
)
where a(z), b(z), c(z), d(z) are operators of the form f(z)T−γ + g(z) where T−γ
is the shift by −γ.
Such representations of B by difference operators already appeared in the work
of Krichever, Zabrodin ([9]) (for n = 2) and Hasegawa ([7],[8])(for the general
case), where they were also derived by some Vertex-IRF correspondence.
Definition: Let c ∈ C and let Hcx : CB → DB be the functor defined by the
assignment V → Icx ⊗ V and which is trivial at the level of morphisms. The
family of functors Hcx gives rise to a functor H
c : CxB → D
x
B .
4 Full Faithfulness of the functor Hcx : CB → DB
In this section, we prove the following result
Proposition 2 Let V, V ′ ∈ Ob(CB). Then for all but finitely many values of
x mod Z+ Zτ , the map
Hcx : HomCB (V, V
′)
∼
→ HomDB (H
c
x(V ),H
c
x(V
′))
is an isomorphism.
Proof: since HomCB (V, V
′) ≃ HomCB (C, V
′⊗V ∗), HomDB (I
c
x⊗V, I
c
x⊗V
′) ≃
HomDB (I
c
x, I
c
x⊗V
′⊗V ∗), it is enough to show that the mapHcx : HomCB (C,W )→
HomDB (I
c
x, I
c
x ⊗W ) is an isomorphism for all W ∈ Ob(CB). Since H
c
x is trivial
at the level of morphisms, this map is injective. Now let W ∈ Ob(CB) and
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let ϕ(λ) ∈ HomDB (I
c
x, I
c
x ⊗W ), that is, ϕ(λ) is a (nωi)-periodic meromorphic
function h∗ →W satisfying the equation
ϕ2(λ)S1(z − x, λ)e
−γD1S1(z − x− c, λ)
−1
= S1(z − x, λ)e
−γD1S1(z − x− c, λ)
−1L12(z)ϕ2(λ)
where L(z) is the L-operator of W . This is equivalent to
L12(z)ϕ2(λ) = S1(z − x− c, λ)ϕ2(λ+ γh1)S1(z − x− c, λ)
−1 (12)
Now L(z) is an elliptic function (of periods n and nτ) so it is either constant
or it has a pole. Restricting W to the subrepresentation Span(ϕ(λ), λ ∈ h∗), we
see that the latter case is impossible for generic x as the RHS of (12) has a pole
at z = x + c only; hence L(z) is constant. Furthermore, from (12) we see that
the matrix
M(λ) = S1(z − x− c, λ)
−1L12S1(z − x− c, λ)
is independent of z. In particular, setting z 7→ z+1 and using the transformation
properties (10) of S(z, λ), we obtain [A1, L12] = 0. This implies that L =∑
iEii ⊗Di for some Di ∈ End(W ).
Lemma 3 Let U be a finite dimensional vector space, let T ∈ End(Cn) ⊗
End(U) be an invertible solution of the equation
RB12(z)T13T23 = T23T13R
B
12(z) (13)
such that T =
∑
iEii ⊗ Di for some Di ∈ End(U). Then [Di, Dj ] = 0 for all
i, j and there exists X ∈ End(U) such that Xn = 1 and Di+1 = XDi for all
i = 1, . . . n.
Proof: let us write RB(z) =
∑
p,q,r,sRp,q,r,s(z)Epq ⊗ Ers. Then equation
(13) is equivalent to Rp,q,r,s(z)DpDq = Rp,q,r,s(z)DsDr for all p, q, r, s. But it
follows from the general formula for RB(z) that Rp,q,r,s(z) 6= 0 if and only if
p+ q ≡ r + s (mod n). Thus we have [Di, Dj ] = 0 for all i, j and X := DiD
−1
i+1
is independent of i, and satisfies Xn = 1.
By the above lemma, there exists X ∈ End(W ) such that Xn = 1 and
Di+1 = XDi. Suppose that X 6= 1 and choose e ∈W such thatX(e) = ξ
ke with
ξk 6= 1. Now we apply the transformation z 7→ z+τ to the matrixM(λ). Noting
that, by (11), S(z − x − c + τ, λ) = e−ipiτ/2−2ipi(z−x−c)/nBS(z − x − c, λ)F (λ)
where F (λ) = diag(e−2ipiλ, . . . e−2ipiλn), we obtain the equality
F (λ)−1S1(z − x− c, λ)
−1B−11 L12B1S1(z − x− c, λ)F (λ)
= S1(z − x− c, λ)
−1L12S1(z − x− c, λ)
Applying this to the vector e yields AdF (λ)(M(λ))(e) = ξ−kM(λ)(e). This is
possible for all λ only if k ≡ 0 (mod n). Hence X = 1 and (12) reduces to the
equation Dϕ2(λ) = ϕ2(λ+ γh1). In particular ϕ(λ) is γ(ωi−ωj)-periodic. But
by our assumption, ϕ(λ) is (nωi)-periodic and γ is real and irrational. Therefore
ϕ(λ) is constant and it is a morphism in the category CB.
Now, considering x as a parameter, we obtain:
Corollary 1 The functor Hc : CxB → D
x
B is fully faithful.
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Remark: equation (12) shows that HomDB (I
c
x, I
c
x ⊗ V ) = HomCB (V
∗, I0x+c).
Thus the above proposition states that for any finite-dimensional represen-
tation V ∈ Ob(CF ) and for all but finitely many x mod Z + τZ, we have
HomDB (V
∗, I0x) = HomCB (V
∗,C), where the somorphism is induced by the em-
bedding C ⊂ I0x (constant functions). However, for finitely many values of
x mod
Z + τZ, this may not be true: see [9] and [8] where some finite-dimensional
subrepresentations of I0x are considered.
5 Full faithfullness of the functor F cx : CF → DB
In this section, we prove the following result:
Proposition 3 The functor Fcx : CF → DB is fully faithful.
Proof: we have to show that for any two objects V, V ′ in CF there is an iso-
morphism Fcx : HomCF (V, V
′) → HomDB (F
c
x(V ),F
c
x(V
′)). Since Fcx is trivial
at the level of morphisms, this map is injective. Now let V,W ∈ Ob(CF ) and
let ϕ(λ) ∈ HomDB (F
c
x(V ),F
c
x(W )). By definition, ϕ(λ) : V → W satisfies the
relation
ϕ2(λ)S1(z − x, λ−γh2)L
V
12(z, λ)e
−γD1S1(z − x− c, λ)
−1
= S1(z − x, λ− γh2)L
W
12(z, λ)e
−γD1S1(z − x− c, λ)
−1ϕ2(λ)
where LV (z, λ) (resp. LW (z, λ)) is the L-operator of V (resp. W ). This is
equivalent to
ϕ2(λ)S1(z − x, λ− γh2)L
V
12(z, λ) = S1(z − x, λ− γh2)L
W
12(z, λ)ϕ2(λ− γh1)
(14)
Introduce the following notations: write W =
⊕
ξWξ, V =
⊕
µ Vµ, ϕ(λ) =∑
ν ϕν(λ) for the weight decompositions (so that ϕν : Vξ → Wξ+ν). Also let
S(z− x, λ) =
∑
i,j S
ij(z− x, λ)Eij , L
V
12(z, λ) =
∑
i,j Eij ⊗L
ij
V (z, λ) and use the
same notation for LW (z, λ). Applying (14) to vi ⊗ ζµ for some i and ζµ ∈ Vµ
yields∑
j,k,ν
Skj(z − x, λ− γ(µ+ ωi − ωj))vk ⊗ ϕν(λ)(L
ji
V (z, λ)ζµ)
=
∑
l,k,σ
Skl(z − x, λ− γ(µ+ ωi − ωl + σ))vk ⊗ L
li
W (z, λ)ϕσ(λ − γωi)ζµ
(15)
where we used the weight-zero property of LV (z, λ) and LW (z, λ). Applying v∗k
to (15) and projecting on the weight space Wµ+ωi+ξ gives the relation∑
ν,j
ν−ωj=ξ
Skj(z − x, λ − γ(µ+ ωi − ωj))ϕν (λ)(L
ji
V (z, λ)ζµ)
=
∑
σ,l
σ−ωl=ξ
Skl(z − x, λ− γ(µ+ ωi − ωj + σ))L
li
W (z, λ)(ϕσ(λ− γωi)ζµ)
(16)
9
for any i, k, ξ and ζµ ∈ Vµ. Now let A = {χ | ϕχ(λ) 6= 0}. Fix some j and
let β ∈ A be an extremal weight in the direction −ωj (i.e β − ωj + ωk 6∈ A for
k 6= j). Then (16) for ξ = β − ωj reduces to
Skj(z − x, λ−γ(µ+ ωi − ωj))ϕβ(λ)(L
ji
V (z, λ)ζµ)
= Skj(z − x, λ− γ(µ+ ωi − ωj + β))L
ji
W (z, λ)ϕβ(λ− γωi)ζµ
(17)
Claim: there exists i ∈ {1, . . . n}, µ and ζµ ∈ Vµ such that ϕβ(λ)(L
ji
V (z, λ)ζµ) 6=
0 for generic z and λ.
Proof: recall the central element Qdet(z, λ) ∈ Eτ, γ
2
(gln). By definition, its
action on V is invertible. Expanding Qdet(z, λ) along the jth-line, we have
Qdet(z, λ) =
∑
i L
ji
V (z, λ)Pi(z, λ) for some operators Pi(z, λ) ∈ End(V ). In
particular,
∑
i Im L
ji(z, λ) = V , and the claim follows.
Thus, the ratio Skj(z−x, λ− γ(µ+ωi−ωj +β))/S
kj(z−x, λ− γ(µ+ωi−ωj))
is independent of k. This is possible only if β ∈
∑
r 6=j CE
∗
rr. Applying this to
j = 1, . . . n, we see that A = {0}. Hence ϕ(λ) is an h-module map. But then
relation (14) reduces to ϕ2(λ)L
V
12(z, λ) = L
W
12(z, λ)ϕ2(λ − γh1), and ϕ(λ) is an
intertwiner in the category CF .
Corollary 2 The functor Fc : CxF → D
x
B is fully faithful.
6 The image of the vector representation
Let us denote V˜F (w) = (C
n, χ(w)RF (w, λ)). It is an object of CF which equals
the tensor product of the vector representation VF (w) by the one-dimensional
representation (C, χ(z)).
Proposition 4 For any x,w, x+ c 6≡ w (mod Z+ τZ), we have Fcx(VF (w)) ≃
Hcx(VB(w)).
Proof: by definition, we have
Fcx(V˜F (w)) = (C
n, χ(z)S1(z−x, λ−γh2)R
F (z−w, λ)e−γD1×S1(z−x−c, λ)
−1),
Icx ⊗ VB(w) = (C
n, χ(z)S1(z − x, λ)e
−γD1S1(z − x− c, λ)R
B(z − w))
We claim that the map ϕ(λ) = e−γD(S(w − x − c, λ)−1)eγD ∈ End(Cn) is an
intertwiner Hcx(VB(w)) ≃ I
c
x ⊗ VB(w)
∼
→ Fcx(V˜F (w)). Indeed, we have
S1(z − x, λ− γh2)R
F (z − w, λ)e−γD1S1(z − x− c, λ)
−1(1⊗ ϕ(λ))
= e−γD2S1(z − x, λ)e
γD2RF (z − w, λ)e−γ(D1+D2)S1(z − x− c, λ+ γh2)
−1S2(w − x− c, λ)
−1eγD2
= e−γD2S1(z − x, λ)e
−γD1RF (z − w, λ)S1(z − x− c, λ+ γh2)
−1S2(w − x− c, λ)
−1eγD2
= e−γD2S1(z − x, λ)e
−γD1S2(w − x− c, λ+ γh1)
−1S1(z − x− c, λ)
−1RB(z − w)eγD2
= e−γD2S1(z − x, λ)S2(w − x− c, λ)e
−γD1S1(z − x− c, λ)
−1RB(z − w)eγD2
= (1⊗ ϕ(λ))S1(z − x, λ)e
−γD1S1(z − x− c, λ)
−1RB(z − w)
where we used Lemma 2 and the zero-weight property of RF (u, λ).
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Lemma 4 Let V, V ′ ∈ Ob(CF ), W,W
′ ∈ Ob(CB) and suppose that F
c
x(V ) ≃
Hcx(W ) and F
c
x(V
′) ≃ Hcx(W
′). Then Fcx(V ⊗ V
′) ≃ Hcx(W ⊗W
′).
Proof: If ϕ(λ) : V → W and ϕ′(λ) : V ′ → W ′ are intertwiners then it is easy
to check using the methods above that ϕ′2(λ − γh1)ϕ1(λ) : V ⊗ V
′ → W ⊗W ′
is an intertwiner.
Applying this to tensor products of the vector representations, we obtain
Corollary 3 For any x ∈ C and w1, . . . , wr ∈ C\{x+ c+ Z+ τZ}, we have
Fcx(V˜F (w1)⊗ . . . V˜F (wr)) ≃ H
c
x(VB(w1)⊗ . . . VB(wr)).
Corollary 4 For any w1, . . . , wr ∈ C, we have
Fc(V˜F (w1)⊗ . . . V˜F (wr)) ≃ H
c(VB(w1)⊗ . . . VB(wr)).
Notice that in this case, we have a canonical intertwiner, given by the formula
ϕ1...r(λ,w1, . . . , wr) = S˜
−1
r (wr − x− c, λ− γ
r−1∑
i=1
hi) . . . S˜
−1
1 (w1 − x− c, λ),
where we set S˜(z, λ) = e−γDS(z, λ)eγD.
7 Equivalence of subcategories
Let us summarize the results of sections 4-8. By proposition 2, we can identify
CxB with a full subcategory D
x
1 of D
x
B. By proposition 3, we can identify C
x
F
with a full subcategory Dx2 of D
x
B. Moreover, D
x
1 and D
x
2 intersect (at least if
we replace DxB by the equivalent category D˜
x
B whose objects are isomorphism
classes of objects of DxB), and the intersection contains objects of the form
Fc(
⊗
i VF (wi)) ≃ H
c(
⊗
i VB(wi)), where i = 1, . . . r and wi ∈ C. Hence,
Theorem 1 The abelian subcategory VxB of C
x
B generated by objects
⊗
i VB(wi)
for i = 1, . . . r, r ∈ N and wi ∈ C and the abelian subcategory V
x
F of C
x
F generated
by objects
⊗
i VF (wj) for j = 1, . . . s, s ∈ N and wj ∈ C are equivalent.
Note that for numerical values of x, Fcx : CF → DB is always fully faithful,
and Fcx(CF ) a full subcategory of DB, but this is not true of H
c
x, because of the
existence of nontrivial finite-dimensional subrepresentations of I0x.
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